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Abstract: We introduce a new geometric multigrid algorithm to solve elliptic interface problems. First we dis-
cretize the problems by the usual P;-conforming finite element methods on a semi-uniform grid which is
obtained by refining a uniform grid. To solve the algebraic system, we adopt subspace correction methods for
which we use uniform grids as the auxiliary spaces. To enhance the efficiency of the algorithms, we define
anew transfer operator between a uniform grid and a semi-uniform grid so that the transferred functions sat-
isfy the flux continuity along the interface. In the auxiliary space, the system is solved by the usual multigrid
algorithm with a similarly modified prolongation operator. We show W-cycle convergence for the proposed
multigrid algorithm. We demonstrate the performance of our multigrid algorithm for problems having vari-
ous ratios of parameters. We observe that the computational complexity of our algorithms are robust for all
problems we tested.
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1 Introduction

Multigrid (MG) algorithm is one of the most efficient solvers for linear systems arising from the discretiza-
tion of partial differential equations (PDEs) [5, 13, 24]. However, it is hard to develop robust geometric MG
algorithms when there exist some interfaces in the domain across which the coefficients are distinct. This is
because the PDE needs to be discretized on the fitted grids, which results in the non-uniformity of the matrix
structure. Thus one often uses algebraic multigrid methods [12, 26, 27] or various PCG type of solvers. How-
ever, efficient fast solvers are rarely available. For finite difference type MG algorithms for interface problems
were considered in [1, 2].

Recently, the authors developed a robust geometric MG algorithm for interface problems [17, 18] dis-
cretized using immersed finite element method [19, 20, 23]. The idea in [17] is to use uniform grids for the
interface problems where the basis functions are modified instead. Since the discretized system was con-
structed on uniform grids, it is possible to develop geometric multigrid algorithms for problems having the
interface problems.

In this work, we develop a new MG algorithm for interface problems through some other approach. We use
the usual P;-conforming finite element method on a semi-uniform grid. Our semi-uniform grids are obtained
from the uniform grid by subdividing the interface element into three triangles using the intersection points
with the interface. To solve the discretized system, we adopt subspace correction ideas in [13, 21] by choosing
the uniform grids space as an auxiliary space. First, we consider a two-grid method using a uniform grid
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as an auxiliary subgrid. In this step, the values only at the interface points are interpolated. For the inner
algorithm, the modified prolongation operator is used on uniform grids. We will call our method a semi-
uniform multigrid (SUMG) algorithm.

The efficiency of the subspace correction methods relies on the transfer operator which updates correc-
tions of values on uniform grids onto the semi-uniform grid. We define the transfer operator so that the
transferred functions satisfy the local flux conditions along the interface. For the systems on the uniform
grids, we use similar ideas for the prolongation operators in the multigrid algorithm on auxiliary spaces. In
this way, we are able to develop a robust algorithm.

We analyze our multigrid algorithm using the frameworks of [7] where the analysis of multigrid algo-
rithms on non-nested or non-inherited spaces is provided. In our algorithm, all subspaces are nested.
However, the bilinear forms are not inherited between grids.

We consider the following elliptic interface problem on a convex polygonal (polyhedral) domain Q in R"
(n=2,3):

-V-BVu=f inQ, (1.1a)
[ulr =0, (1.1b)

ou
[ﬁa—n]r -0, (1.10)
u=0 onoQ, (1.1d)

where f € L2(Q), and T’ ¢ Q is an interface which divides the domain into two subdomains Q* and Q~. Here,
[-]r implies the jumps of functions along T, i.e.,

[ulr = ulo- - ulo-,
ou oulg- oulg+
['Bﬁ]r = Bla- n - Bla+ o
where n is an outward normal vector to Q. We assume that I is a C'-curve. The coefficient B is discontinuous
across the interface I', where = f* € C(Q") and = ~ € C(Q").

We introduce some function spaces and notations. For any bounded domain D and positive integer m,
let H™(D) be the usual Sobolev space of order m with the norm denoted by | - ||, p. We define Hé (D) as a set
of functions in H!(D) vanishing on 0D. We denote the dual space of Hé(D) by H-Y(D). For any real number
between integer m and m + 1, we define fractional Sobolev space H*(D) as the interpolation between H™ (D)
and H™1(D). We need to define subspaces of H(l)(Q) and H'*%(Q), which satisfy the interface conditions

Hg ((Q) := {u € H)(Q) : [u]r = [BVu-n] = 0},
Hy{(Q) := Hy 1(Q) n H*(Q).

Integration by parts gives the variational problem for the model problem (1.1): find u € H}(Q) such that

JBVu-Vvdx+ JﬁVu-Vvdx: vadx (1.2)
Q- Q+ Q
forallv e HA(Q).
We state the regularity theorem regarding the solutions of the elliptic interface problems [3, 5, 16, 25].

Proposition 1.1. There exists an 0 < a < 1, and a unique solution u € H>(Q™) n H*(Q*) n H(l)}“(Q) of problem
(1.2) which satisfies

lullzrve) < COIlE-1+2()
where C(f3) is some positive constant depending on f.

For the simplicity of the presentation, we assume n = 2, even though the case n = 3 can be similarly treated.
The rest of the paper is organized as follows. In Section 2, we review some results on the P;-conforming
Galerkin methods for elliptic interface problems where unfitted grids are used. We propose our semi-uniform
multigrid algorithm in Section 3 and we prove the contracting properties of the multigrid algorithm in Sec-
tion 4. The numerical results are given in Section 5 and conclusion follows in Section 6.
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Figure 1: An interface element. Figure 2: Refined grid 5 from uniform grids T, with h = 0.25

where interface is given by circle x2 + y? = 0.62.

2 Pi-Conforming Finite Element Method on Semi-Uniform Grids

We define a semi-uniform grid by sequential steps. First, we let T, be a uniform triangulation of Q by right
triangles with size h. We call T € T} is an interface element if T is cut by the interface. Otherwise, T is non-
interface element.

We define a mesh F,, which is a refinement of 73,. We assume that elements are cut by interface at no more
than two points. This assumption is reasonable if we choose h sufficiently small, see [10]. Firstly, the non-
interface elements in F are inherited from 7. If T € T} is an interface element, then T is divided into two or
three triangles by including two interface points as new nodes. For example, suppose T is cut by interface at
two edges with intersection points E; and E; resulting in a triangle and a quadrilateral region (see Figure 1).
Then quadrilateral region is divided into two sub triangles connecting two nodes in such a way the resulting
triangle satisfy the maximum angle condition [9]. Figure 2 shows the example of F, when the interface has
circular shape.

We consider two discretizations for problem (1.1).

2.1 P;-Conforming Methods on the Fitted Grid

We describe the usual P;-conforming Galerkin methods on Fj. Let T be a triangle in 5. Let S;(T) be the set of
linear polynomials on T. Let S;(Q) be the usual continuous, piecewise linear finite element (FE) space based
on JF, satisfying homogeneous boundary condition. We associate bilinear form

anp(u,v) := Z ( J BVu-Vv+ j ﬁ*Vu-Vv), u,ve H(Q).

TeTn N rno- TnQ*

We define a Galerkin method as usual: find @y € Sp(Q) satisfying
ap(tp, vp) = (f,vp) forall vy € Sp(Q), (2.1)

where (-, -) is the usual L2-inner product. The following convergence theorem is proven in [4].

Theorem 2.1. There exists a unique solution for (2.1). Suppose u is solution of (1.1) and let Uiy, be a solution
of (2.1). Then the following holds:

lu = Tnllzzo) + AV = Tp)li20) < CR2IflL2(q).-
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2.2 P;-Conforming Methods on Uniform Grid

Let V(Q) be the set of continuous, piecewise linear polynomials on the triangulation T3. Let us recall the
property of the bilinear form a(-, -). We define L? and H'-norms on H(Q) as

1
Nulmn =Y lullmr, ueH(Q),
TE‘Th

where m = 0 or 1. It is well known that the energy-like norm on H'(Q), defined by ||ullx := van(u, u), is
equivalent to H!-norm, i.e., there exists some C > 0 such that

(—1:||u||1,h < llulln < Cliully,p- (2.2)
The following theorem regarding the inverse inequality is also well known [11].
Theorem 2.2. There exists a constant C > 0 such that for all ¢ in Sp(Q) following holds:
an(¢, ) < Ch211PlI72 g, (2.3)
Let ity : H'*%(Q) — V,(Q) be the interpolation operator defined by
(mpu)(X) = u(X) for all nodes X of Tp,.

For three dimension case, we assume a > 0.5 so that the interpolation operator on T3 can be well defined.
The following results are well known [11].

Theorem 2.3. There exist C > 0 such that, for all w € H*%*(Q) following holds:
Iw = TpWlim,n < CR* ™ | Wllgiee(q), m=0,1, (2.4)
I Wlim,n < ClWlm,n, m=0,1. (2.5)

Now, P;-conforming Galerkin methods on uniform grids reads: Find uy € V} such that

ah(uhs ¢) = (f’ ¢) (2-6)
for all ¢ € V. The following convergence theorem is a result of Theorem 2.3 and Céa’s Lemma.

Theorem 2.4. Suppose u is solution of (1.1) and uy, be solution of (2.6). Then following holds:

lu - unllrzeq) + h%lu - upll,p < CBYR* | Wligia(qy.

3 Multigrid Algorithm

Using auxiliary space preconditioning method [14, 15, 28] as a preconditioner for conjugate gradient method
is an efficient strategy to solve algebraic systems. We adopt the idea of auxiliary space preconditioning
methods in this work. For the simplicity of presentation, we assume Q) is a rectangular region. We develop
a new type of multigrid algorithm for Sy (Q), where the space V,(Q) is used as an auxiliary space. We define
sequential triangulations Ty, with size hy = ho - 27k k=1,...,], for Q. As in the previous section, semi-
uniform triangulation Fp, is a fitted grid obtained from the finest grids Ty,. We note the inclusion relationships
between the subspaces
Vi, € Vi, C--- C Vi, C Sy

From now on, we replace the subscript hy by the subscript k when there is no confusion. For example,
Tk=Tne ax(-5-)=ap(-,), Sk(Q)=S5p(Q), Vi(Q)="Vp(Q).
We introduce some notations. We define 4; : S;(Q) — S;(Q) so that

aj(p, ¥) = (4,9, P)
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holds for all ¢, ¥ in S;(Q). Similarly, we define Ax(Q) : Vi (Q) — Vi(Q), k=1,2,...,],sothat

ax(p, P) = (Axp, P)

holds for all ¢,  in Vi (Q).

We define an operator yy : Vx(Q) — L?(Q), which will play an important role in our subspace correction
multigrid algorithm. Suppose T is a non-interface element in Ty. Then yi(¢p)|r = ¢|r. Suppose T is an interface
element (see Figure 3). We define y(¢)|r as a piecewise linear function on T:

Vk(¢)|f={“ Fhixrcty, oy et 3.1)

a+bx+cy, (x,y)eT,

where the coefficients in (3.1) are determined by nodal values and interface conditions (1.1b) and (1.1c) as

Vi PIr(X;) = pr-1(X), i=1,2,3,
Tl (E) = (@I (B, i=1,2,
[ @i ne, = [ pvn@nr -,
EiE> E\E;

The following result is given in [20, 22].

Theorem 3.1. There exists a constant C > O such that for all w € H*(Q™) n H*(Q*) n Hé}“(Q), the following
holds:
Iw = ik (TeW)llm n, < Ch ™ Wllgiai), m =0, 1. (3.2)

3.1 Semi-Uniform Multigrid Algorithm

We now explain our multigrid algorithm using the auxiliary space V;(Q). We write system (2.1) as the matrix
equation

Z JjX = 7].
First, we let R; be the smoothing operator (say Jacobi or Gauss—Seidel operator) for A; and let ﬁ} be the
transpose of R;. To use the subspace correction idea, we need a transfer operator Qf, 1 e Vi(Q) - S5(Q).
It suffices to define the nodal values of Qf]qb at all nodes. First, we define

oE g (A) = p(A)

when A is a node of the J; (for example A = X; (i = 1, 2, 3, 4) in Figure 4). Suppose A is a node of F; but not
a node of J; (for example A = E in Figure 4). Then we define

Q5 p(A) = 3 (7@ Ir, (4) + P, (),
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Figure 4: T, and T, are adjacent elements in 7, and sub-triangles having a dotted edge are elements in J;.
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Figure 5: One cycle of SUMG;,.

where T7 and T, are adjacent elements in 7; which share A as a common node of ;. We define the operator Qg
from S;(Q) to V;(Q) as the transpose of Q{,. We assume a sequence of (symmetric) inner grid multigrid opera-
tors By : Vi(Q) —» Vi(Q), k=1, ...,], are defined (see next subsection). We propose a subspace correction
multigrid algorithm:

Algorithm SUMG;. Proceed as follows.
(1) Setx® =0andz° = 0.
(2) Definexifori=1,...,qby
x! = x4+ Ri(fy - Apx1).
(3) Restrict the residual to V;(Q): Q}’(f]" - Apx9).
(4) Define z = BjQY (f - A;x9).
(5) Definey? by y? = x7 + Qf z.
(6) Defineyifori=qg+1,...,2qby
yl — yz—l + R;(f]n _A;lyl—l).
(7) Set SUMG;f]' = y4.

Here, g is the number of pre and post-smoothings (see Figure 5). We note that SUMG; is a symmetric operator.
Figure 5 illustrates one cycle of semi-uniform multigrid algorithm.
Now we describe the By operator in the following subsection.

3.2 A Multigrid Algorithm By on Uniform Grids

We describe the inner multigrid algorithm Bk (k=1,...,]) tosolve the system of the form

Ajuy = gj.
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We first define the prolongation operator T : Vie1(Q) - Vi(Q).

v(X) if X is a node of Tj_1,

Tv(X) = L1 (@)1, (X0 + Vi1 ()17, (X)) if X is a midpoint of an edge e shared
by two triangles T1, T € T-1.

The restriction operator P2—1 is defined as the adjoint operators of Ty with respect to L2-inner product (-, -),
ie., foru € Vi(Q) and ¢ € Vi_1(Q),
(PY_u, §) = (u, Teh).

We let Ry be a smoothing operator for Ay (say Jacobi or Gauss—Seidel operator). Now we state the inner
multigrid algorithm By below.

Algorithm By.. Set Bogo = A;'go. Suppose By_1 is defined. We define Bygy for gk € Vi(Q) in a recursive way.
(1) Setx® =0andz° = 0.
(2) Definexifori=1,...,mby

xt= x4 R(gr — Apxth).

(3) Define y™ by y™ = x™ + IyzP where 2/ forj = 1, .. ., p is defined by
2 =27+ B [PY_ (8 — Ax™) = A 2711

(4) Defineyifori=m+1,...,2mby

i

Y =y + Ri(gr - Ay’ ).
(5) Set Bygi = y>™.

Note that this is almost the same as the standard MG algorithm, but the new prolongation operator Iy is used.
The case of p = 1 and p = 2 corresponds to V and W-cycles respectively. We will use notation V(m, m) (resp.
W(m, m)) for By when p = 1 (resp. p = 2).

Let us recall the semi-uniform MG algorithm in Section 3.1. We will use the notation V,(m, m) for SUMG;
when the number of smoothings in SUMGy is g and V(m, m) is used as a inner multigrid algorithm.

4 Convergence Analysis of Multigrid

In this section, we provide an analysis for both of the multigrid algorithms. First, we analyze algorithm By,
from which we easily obtain the convergence of SUMG;. First we define Py_1 : Vi(Q) — Vj-1(Q) as the adjoint
operator of Tr with respect to ay form, i.e., Py_; satisfies

a-1(Pr-1u, v) = ar(u, Tyv)

forallu € Vi(Q)and v € V;_1(Q).

We shall use the framework of Bramble et. al [7], where the convergence of multigrid algorithm with
general prolongation operators are provided. Note that our subspaces V} are nested, but the prolongation
operators are not a natural injection operator.

We state some assumptions.

(A.1) Smoothing property. There exists a constant Cg > 0 such that for all u € V§(Q),

(u, u)
Ak
where A is the maximum eigenvalue of Ay, Kx = I - RkAx, K =1-Ri A and Ry = (I - K; KA
(A.2) There exists a constant C* > 0 such that

< Cr(Ryu, u),

ArTeu, Tew) < C*Ap1(u, u) forallu € Vi_1(Q).
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(A.3) Regularity and approximation. There exist a number O < v < 1 and a constant C > 0 such that

IAxull3
Ak

\ar((I - TPy, w)] < ca( ) ar(u, u)'

forallu € Vi (Q).
Then by the framework in [7], we can conclude the following result.

Theorem 4.1. Suppose p = 2 and assumptions (A.1), (A.2) and (A.3) hold. If “m is sufficiently large”, then we
have
lar(I - BrAu, u)| < Sax(u, u) forallu € Vi(Q),

where 8 is some constant independent of k with the form

for some M > 0.

The constant M is a function of a, C, and Cg, see [5, 7]. One can find explicit form of M in [5]. In a similar
way, we have:

Theorem 4.2. Under the same assumptions as Theorem 4.1, we have
la;((I - SUMGAj)u, u)| < Say(u,u) forallu e S;(Q).

Proof. This is a two grid algorithm using the grid J; and J;, between which the transfer operators Qg and Qf]
are used instead of Py_; and . Thus the result follows exactly in the same way as Theorem 4.1. O

We now examine assumptions (A.1)—(A.3). Itis clear that Ay is symmetric positive definite and sparse matrix.
Thus, standard smoothing operators, such as Gauss—Seidel (GS) and Jacobi methods, satisfy (A.1), see [6].
Therefore, it suffices to verify (A.2) and (A.3). We remark that Ay = O(h™2).

4.1 Approximation Properties of I,

In this subsection, we prove some properties of Iy that will play an important role in proving (A.1) and (A.2).
We shall also need the following fact which trivially holds for the piecewise linear functions.

Lemma 4.3. There exists a constant C > O such that

h
¢ X WEI<IViea<Ch ¥ (Xl forallve Sy(T), (4.1)
i=1,2,3 i=1,2,3

where X, i =1, 2, 3, are nodes of T.
We introduce some notations. We define a space of (discontinuous) piecewise linear FE space
P;kl := {¢p € L%(Q) : ¢|7 is linear polynomial on T forall T € Ty}.
For each w € H>(Q™) n H2(Q*) n H(l)}“(Q), we associate the function Dy (w) in P;kl. We let
DxW)|1 = i (Vi-1 (-1 W) 1) T

on each T € Tj_1. We remark that, Di(w)|7 is a continuous, piecewise linear function on each subtriangle
in T, but Dx(w) is discontinuous in general. The following approximation property holds:

Lemma 4.4. Letw € H2(Q™) n H*(Q*) n H(l)}“(Q). Then we have
IDk(W) = Wlim, 7 < Chy ™ | Wlgisary, m=0,1, (4.2)

forall T € Ty_q.
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Figure 6: T; and T, are neighboring elements in Tx_1 having common edge e;.

Proof. If T is a non-interface element, this follows from the standard interpolation theory. Suppose T is an
interface element. By the triangle inequality and (2.5), (2.4) and (3.2), we have

Iw = DiW)llm,1 = 1w = 7t (Vi-1 (T a WI D) lm, 7
< W = Wlim, 1 + 170(W = Vi1 (T a W), 7
< |w - mcwlm, t + CIw = Vi1 (-1 W) lim, T
< ChY ™|l w| gisa(r). O

Next, we study the jumps of Di(w) along the edges of T € Tj_;.

Lemma 4.5. Letw € H*(Q™) n H*(Q*)n Hé}“(Q). Let e be the common edge of T1, T» € Ti_1. Then the follow-
ing holds:
max [[D(W)]el < ChE(IWllp1+a(ry) + IWllE1+a(Ty)), (4.3)

where [Dy(w)], is the jump of Di(w) along e.

Proof. For convenience, let ¢y = Di(w) — mw. Suppose that T; has nodes X; and midpoints m; of edge e;
(i =1, 2, 3) respectively. Without loss of generality, we assume that the common edge of T; and T is e; (see
Figure 6). We note that ¢|r, is a continuous, piecewise linear function on T; having six degrees of freedom
(at nodes X; and mid points m;, i = 1, 2, 3). By using inequality (4.1) and (4.2), we have

Chi( Y Ibelr, Xl + Y 1kl ml) < Il r, < ChEIwhipsacr,.

i=1,2,3 i=1,2,3

However, since Di(w)|r, (X;) = mew|r, (X;), we have

|pxlr, ()| < ChEIWlprsacryy, 1=1,2,3.

This implies
max |(plr,)el < ChilWllae(ry). (4.4)
Similarly, we have
max [(@kl1y)el < ChE Wl grve(r,). (4.5)
By (4.4) and (4.5), we have
[[pilele < Chy(IWlpsa(ry) + IWlEacr,)). (4.6)

However, since mw is continuous on Q,

|[¢k]e|e = |[Dk]e|e-
Therefore, (4.6) leads to the conclusion. O

Finally, we give the main proposition regarding the approximation property of Iy.



10 — G.JoandD.Y. Kwak, Semi-Uniform MG for Elliptic Interface Problems DE GRUYTER

X3
T3 A T,
ms m2 e
es3 .
X1 e1my X2

Figure 7: T is typical element in Tx_; and T; and T, and T5 are neighboring elements of T in Ty_1.

Proposition 4.6. There exists a constant C > 0 such that for allw € H>(Q™) n H>(Q*) n H(l)}“(Q) andform=0
or 1, the following holds:
7w = Tk t—1 Wl iy, < Chy” ™ Wil givey - (4.7)

Proof. We refer to Figure 7. Suppose that T is the triangle in the center having X;, X, and X3, and midpoints
of edges as my, m,, and ms. We suppose that T has neighboring elements T; (i = 1, 2, 3), where e; is the
common edge of T; and T, respectively. By the definition of Dy(w), and Tx_1, we have

Tieamea(Xi) = DeW)Ir(X) = mew(X) = w(Xa), (4.8)

Tiaica(mi) = 3 (Dew)rm) + Dyl 0mp). 4.9)
The identity 3(a + b) = a — 3(a - b) yields

Tic1mti-1(my) = Die(w)|7(m;) - %[Dk(w)(mi)]e,--

By the triangle inequality, we have

|[ew(my) - T -1 (my)| < [7mew(m;) = Di(w)lr(my)| + %|[Dk(w)(mi)]ei| =A1+As. (4.10)
Using the fact that 1w and Dy(w) are piecewise polynomials on T and equations (4.1) and (4.2), we obtain
A1 < Ch M mew = Di(W)llo,r < CR Ch Wl givacry = ChY W prasary . (4.11)

By (4.3), we have
Az < Chy(IWlgsacry + Wl Eacry)- (4.12)

From (4.10), (4.11) and (4.12), we obtain
lmew(my) — Ty -1 (my)] < CRE(IWllgreacry + [Wllgeacry)- (4.13)

By the fact that mw — Ix_1m_1w is a continuous, piecewise linear functions on T and by (4.1), (4.8) and
(4.13), we have
lew = Teeammiawllzo ey < Chk( Y mw(X) - TeameawX)l + Y mew(my) —kalnkflw(m,-n)
i=1,2,3 i=1,2,3
=Chx ) |mew(m;) - eame-aw(my))|
i=1,2,3
< Chi*-a(”W”Hlm(T) + Z "W"Hl*“(Ti))'
i=1,2,3

By summing over T € Ty_1, we obtain the desired inequality for case m = 0. The case when m = 1 is obtained
from the standard inverse inequality. O
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4.2 Proof of Theorem 4.1

It suffices to show (A.2) and (A.3). Firstly, we need following lemma.
Lemma 4.7. There exists a constant C > O such that

1Tkl 2 () < Cllullzao) (4.14)
foru e Vi_1(Q).

Proof. When T € T}_; is anon-interface element in Ty, then Tyu|r = u|r. Thus, (u, u)r = (Txu, Ixu)r. Assume
T is an interface element. Suppose X1, X, and X3 are nodes of triangle T, and m1, m, and m3 are mid points
of X; (i = 1, 2, 3) (see Figure 6). Then, by the definition of Ty, we have u(X;) = Tru(X;), i = 1, 2, 3. Also, the
values of Tu at m; are intermediate values of u(X;) and u(X;,1) (here, X, = X;). This is how I u is constructed.
In fact, because the diffusion coefficient  does not change sign across the interface, the values on the edges
are bounded by the values on the nodes. See details in [10]. By (4.1), we have,

3 3 3
ITiullo,r < Chi Y. [Tw(X)l + Chy Y. [Tru(my)| < Chy Y Ju(X)| < Clullo, 7-
i=1 i=1 i=1
By summing over all elements T € Tk, we have the conclusion. O
Lemma 4.8. There exists a constant C > 0 such that
ITiulls,n < Cllully,n (4.15)
forallu € Vi_1(Q).

Proof. When T € Ty_; is a non-interface element, then Txu|r = u|7. Assume T is an interface element. We
refer to Figure 6. By the definition of Ty, we have u(X;) = T)u(X;), i = 1, 2, 3. Let a = u(X1). Since u — a and
Tiu — a is an H-function on T vanishing at X1, there exists some constant C > 0 (see [11]) such that

1 ~ ~ ~
Em;lxllku—al < IIkuILTsCm?xIIku—al, (4.16)
1
—max|u—al < |uli,r < Cmax|u - al. (4.17)
Cr T
By (4.16), we have
[Tieulq,r < Cigrllasz{IIku(Xi) - al, |[[xu(m;) - al}. (4.18)

By the fact that the values of Tiu at m; are intermediate values of u(X;) and u(X;,1) and by (4.17), we have
Jmax {[Teu(X;) - al, [Teu(mi) - al} < C max u(X;) - al < Cluls,r- (4.19)
Combining (4.18), (4.19), and (4.14), we have the desired inequality. O
We now prove (A.2).
Theorem 4.9. There exists a constant C* > 0 such that, for all u € Vi_1(Q) the following holds:
ITeuellic < C* Muallz-1- (4.20)
Proof. The desired inequality follows directly by (2.2) and (4.15). O
Corollary 4.10. For all uy € Vi(Q) the following holds:
1Pr-1uillli-1 < C* ki, (4.21)
where the constat C* > 0 is same as in (4.20).
Proof. By the Cauchy-Schwarz inequality and (4.20),

IPx-1ull_; = ar-1(Px-1u, Pr-qu) = ar(u, IePy-1u) < Ml TePr-ullc < C* lullill Pr-aullx-1. [
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Lemma 4.11. There exists a constant C > 0 such that for all u € Vi_1(Q), the following holds:
lu ~ Teullzegy < Chidlulli-r.- (4.22)

Proof. Let ¢y = u — Iru. When T € T;_1 is a non-interface element, then ||¢xllo,7 = 0. Suppose T € Ty_1 is an
interface element with nodes X;, X, and X3 (see Figure 6). By the fact that ¢px(X;) = 0, i = 1, 2, 3, we have by
the Poincaré inequality,

lpllo. < Chillplls, 7.

The above inequality, the triangle inequality and (4.15) yield
Ipli2i) < Chidllplln,n, < Chr(lully,n, + 1Txull1,n) < Chillul,p, - O

Lemma 4.12. Forallu € Vi,
|Axull -1y < Clilullk. (4.23)

Proof. We see that for any w in H(Q) the following holds:

[(Axu, w)|  [(Agu, w —mew)| [(Agu, mew)|

Wlgi o) ~ IWllg () Wil g1 ()
lAxulz@llw - mcwliz) - Mlullxlimewllx
Wla () Wlle ()
< ChillAxulizz ) + Cllullix < Clllullxs

where we used the interpolation properties (2.4) and (2.5). By taking supremum over w € H(l) (Q), we have the
desired inequality. O

Finally, we show that assumption (A.3) holds with v = 4.

Theorem 4.13. There exists a number O < v < 1 and a constant C > 0 such that for all u € Vi(Q), the following

holds:
IAxull}

lar((I - TePrr)u, )| < c( ) ar(u, w'™.

Proof. Consider the following dual problem: given Axu € L*(Q),
-V-(fVw) = Au inQ,
aw]
on

C
w=0 on 0Q.

s

wir =

Note that there exists a solution w in H2(Q™) n H2(Q*) n Hé}"‘(Q) such that
[Wlle1e(q) < CllAkullg-1+a(q)- (4.24)
By the definition of a( -, -) and Ak, we see that u is an elliptic projection of w onto V(Q), i.e.,
ai(w, ¢i) = (Axtt, pks  ar(u, i) = (Axu, pr)i forall gy € S(Q).

Hence, we have
llu = wllli < Ch{lIwllpsa(qy. (4.25)

Using the triangle inequality and (4.25), (2.4) and (4.24), we obtain
llu - mewlllx < llu = willk + llw - mwllix < Chgwllgaq) < ChilAkullg-1(q)- (4.26)
By the definition of Ty,

ai((I - TPi-1)u, u) = ax(u, u) — ax-1(Pi-1u, Pr_1u)
= ax(u — mw, u) + ag_1 (M1 W — Pr_1u, Px_qu) + ar(mew, u) — ag_1 (-1 W, Pr_1u)
=: (Dl + CDZ + CD3.
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Using the Cauchy—Schwarz inequality, (4.26), interpolation between spaces [8] and (4.23), we get

|11 < ChyllAsullg-reaco)llullic
< Chz”Aku”}.I_—?(Q)"Aku"i“Z(Q)”lul”k

< Chi’lllullli_a||Aku||fz(9)|||u|||k = Chﬁ|||u|||i_a||Aku||fz(Q).
By the definition of Iy and by the Cauchy-Schwarz inequality, (2.2) and (4.7),
@3 = ar(mew - Trti-aw, w) < CRENIW Il va gy Mulle

Similar techniques as above yield
|31 < ChElIullZ“NAkUIS -

To bound @,, we define an operator Py_; : Vi(Q) — Vi_1(Q) defined by
ar-1(u, Pr_1,v) = ar(u,v) forallu e Vi(Q), v € Vi 1(Q).
By the definition of the operator Py_1 and Pj_4, we rewrite @, as

®@; = aj1 (M1 w — Pr_qu, Pi_qu) + a1 (Proqu — Pi_qu, Piqu)

= ar-1 (Meeaw = Proqut, Prcqw) + ax(u, (I - Ti)Prequ) =: @, + @,
Using the similar technique as (4.26), we have

| Dy, | = |ak-1(mTk-1W, Pr—1u) — ax(u, Pr_1u)|
< lag-1(mp-aw = w, Pr_qu)| + |ag(u — w, Pr_qu)|

< ChﬁIIIMIIIifallAkullfzm)-
By the definition of A_; and the Cauchy-Schwarz inequality, (4.22) and (4.21), we obtain
|2, = [(Aku, (I - T)Pi-1w))| < [Axullzzq) - Chicll P ullli-1 < ChidllAullzz oy llullle.

Due to (2.3),
lAxullz2q) = IIAkMIIfZ(Q) . IIAkulliz_(“Q) < "Aku"]ofz(m . Ch;““lllulll,l(‘“.

Hence, by (4.31) and (4.32) we have
D2, | < ChillAkullzz g, - Chi  Mull =S Mk = ChﬁllluIllﬁ‘“llAkuIIfZ(Q)-
Using (4.27), (4.28), (4.29), (4.30) and (4.33), we obtain
lai((I - TiPr-1)u, )l < CREIUIE I Akul Sy g -
Hence, by the definition of ||| - [||x-1 and by (2.3), together with the fact that A; = O(h;z), we have

2
IAxullg

(T - TP, w) < C( 752 ) axtut, w! %,

5 Numerical Results

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

In this section, we demonstrate the performance of our multigrid algorithm SUMG;. We report the number

of V4(m, m) iterations, and total CPU-time to reach the stopping criteria,

fi-A
Ify - Ayxll 106,

—— <

Il
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We present two examples. For the first example, we report the performance of SUMG;y in Table 1, where many
different ratios of f are considered, i.e., l’% =1, 10, 100, 1000. We see that the number of V3(3, 3) cycles
increases as the ratio of f§ increases. However, the number of cycles remain bounded as level J increases. For
the second example, we report the performance of SUMG; with V,(2, 2) of the case % = ﬁ in Table 2 where
non-convex subdomain Q- is considered.

For both the examples, we compare the performance of SUMG; with that of diagonally-preconditioned
conjugate gradient methods (D-PCG).

The domain Q is [-1, 1] for both the examples. The subdomain Q™ is defined as {(x, y) € Q : L(x, y) < 0}
for some level set function L(x, y), and Q* = Q/Q~. We use uniform hierarchical triangulations T; with mesh
size hgy = 27%hg (k=0,1,...,]). Amesh F, 7 is obtained from the finest uniform mesh 7} by refining inter-
face elements using the intersection points. We used computation environment of Intel(R) Core(TM) i7-3770
CPU @ 3.40GHz processor.

Example 1

The level function is L(x, y) = x? + y? - r(z), where rg = 0.48. The exact solution u(x, y) is
Z inQ-,

T+ (f - )y inQ*.

We used V5(3, 3) for the semi-uniform multigrid algorithm SUMG;. We report the performance of SUMGy

and D-PCG for the various cases of  jumps in Table 1. We see that the number of V5(3, 3) cycles increases

as the ratio of § increases from 1 to 1000. This is natural since the condition number of A 7 increases as ﬂ—+

increases. However, for the fixed ratio of g—H the iteration numbers of V3(3, 3) remain uniformly bounded as

level J increases. The CPU time of SUMG; grows like O(N) while that of D-PCG grow like O(N 3 ).

Case 1l Case 2
V3(3, 3)-cycle D-PCG V3(3, 3)-cycle D-PCG
hl/ Iter. d CPUtime Iter. CPUtime hl; Iter. & CPUtime Iter. CPUtime
16 8 0.145 0.188 90 0.031 16 11 0.272 0.249 98 0.033
32 8 0.165 0.331 165 0.191 32 13  0.341 0.546 172 0.194
64 8 0.167 0.779 300 1.294 64 15 0.371 1.487 306 1.422
128 8 0.164 2.626 490 9.462 128 15 0.382 4.792 553 10.688
256 8 0.159 9.320 951 70.139 256 15 0.390 18.025 984 75.693
Case 3 Case 4
V3(3, 3)-cycle D-PCG V3(3, 3)-cycle D-PCG
hl/ Iter. & CPUtime Iter. CPUtime hl; Iter. d CPUtime Iter. CPUtime
16 14 0.371 0.320 109 0.040 16 17  0.443 0.395 121 0.043
32 18 0.460 0.756 190 0.205 32 23  0.510 0.963 205 0.228
64 21 0.514 2.084 345 1.487 64 27 0.595 2.551 382 1.661
128 21 0.517 6.620 630 12.191 128 33 0.655 9.894 710 13.492

256 23 0.546 27.649 1120 82.646 256 30 0.615 35.132 759 56.057

Table 1: The number of iterations, contraction number &, and CPU time of SUMG, and number of iterations and CPU time of
D-PCG for Example 1 with various jumps of B. Case 1, Case 2, Case 3 and Case 4 correspond to B~ _1,E — 10,2 =100and

_ B+ ’ [,H- ’ p+
;L;T = 1000, respectively.
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Figure 8: Interface and subdomains of Example 2.

V3(3, 3)-cycle D-PCG
hl/ Iter. & CPUtime Iter. CPUtime
16 10 0.231 0.213 146 0.031
32 11  0.271 0.428 389 0.245
64 12 0.310 0.994 624 1.454
128 13 0.337 3.326 940 8.881

256 14 0.367 12.809 1721 71.014

Table 2: The number of iterations, contraction number §, and CPU time of SUMG, and number of iterations and CPU time
of SUMG, and D-PCG for Example 2.

Example 2
We consider an example whose subdomain Q- is non-convex. The level set function is
Lx,y) = (3x* +3y? = x)> = (x? +y*) + 0.03.

We refer to Figure 8. The exact solution u(x, y) is

X((3x2+3y?—x)?—(x?+y?)+0.03) in Q-

u= K

X((3x2+3y?—x)?—(x?+y?)+0.03) in O+
B* .

We report the performance of SUMG; with V,(2, 2) when 8~ = 1, f* = 100in Table 2. We see that the numbers
of cycles of V,(2, 2) remain bounded as J increases. The computational complexity of SUMG; is O(N) while
that of D-PCG is O(N?).

6 Conclusion

In this work, we proposed a semi-uniform multigrid algorithm (SUMG) for elliptic interface problems. We use
P;-conforming method on a semi-uniform grid for the discretization of the problems where a semi-uniform
grid is obtained by refining uniform grid at interface points. We adopt subspace correction methods where we
choose uniform grids as the auxiliary space. The transfer operator is defined so that the transferred functions
on a semi-uniform grid satisfy the flux continuity across the interface. On the auxiliary space, we use multigrid
algorithm where the prolongation operators are modified.
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We prove the contracting property of the proposed multigrid algorithm. We test SUMG for elliptic inter-

face problems where different f ratios are considered. We see that as the f ratio increases, the number of
V-cycles of SUMG increases. However, for fixed f3 ratio we observe that the number of V-cycles of SUMG remain
uniformly bounded as h — 0. We also compared SUMG with D-PCG. We observe that the computational
complexity of SUMG is O(N) for all problems while that of D-PCG is O(N3/2).

Funding: This work is supported by the National Research Foundation of Korea (NRF) grant funded by the
Korea government (MSIT) (No. 2020R1C1C1A01005396).

References

(1]

[10]
[11]
[12]
[13]
[14]

[15]

[16]

[17]

(18]

[19]
[20]

[21]

[22]

[23]

[24]

L. Adams and T. P. Chartier, New geometric immersed interface multigrid solvers, SIAM J. Sci. Comput. 25 (2004), no. 5,
1516-1533.

L. Adams and Z. Li, The immersed interface/multigrid methods for interface problems, SIAM J. Sci. Comput. 24 (2002),
no. 2, 463-479.

I. Babuska, The finite element method for elliptic equations with discontinuous coefficients, Computing 5 (1970),
207-213.

J. H. Bramble and ). T. King, A finite element method for interface problems in domains with smooth boundaries and
interfaces, Adv. Comput. Math. 6 (1996), no. 2, 109-138.

J. H. Bramble and J. E. Pasciak, New convergence estimates for multigrid algorithms, Math. Comp. 49 (1987), no. 180,
311-329.

J. H. Bramble and J. E. Pasciak, The analysis of smoothers for multigrid algorithms, Math. Comp. 58 (1992), no. 198,
467-488.

J. H. Bramble, J. E. Pasciak and J. Xu, The analysis of multigrid algorithms with nonnested spaces or noninherited quadratic
forms, Math. Comp. 56 (1991), no. 193, 1-34.

A.-P. Calderén, Intermediate spaces and interpolation, the complex method, Studia Math. 24 (1964), 113-190.

L. Chen, H. Wei and M. Wen, An interface-fitted mesh generator and virtual element methods for elliptic interface
problems, J. Comput. Phys. 334 (2017), 327-348.

S.-H. Chou, D. Y. Kwak and K. T. Wee, Optimal convergence analysis of an immersed interface finite element method,

Adv. Comput. Math. 33 (2010), no. 2, 149-168.

P. G. Ciarlet, The Finite Element Method for Elliptic Problems, Class. Appl. Math. 40, Society for Industrial and Applied
Mathematics, Philadelphia, 2002.

R. D. Falgout, An introduction to algebraic multigrid computing, Comput. Sci. Eng. 8 (2006), 24-33.

W. Hackbusch, Multigrid Methods and Applications, Springer Ser. Comput. Math. 4, Springer, Berlin, 1985.

R. Hiptmair and J. Xu, Nodal auxiliary space preconditioning in H(curl) and H(div) spaces, SIAM J. Numer. Anal. 45 (2007),
no. 6, 2483-2509.

X. Hu, W. Liu, G. Qin, ). Xu and Z. Zhang, Development of a fast auxiliary subspace pre-conditioner for numerical reservoir
simulators, in: SPE Reservoir Characterisation and Simulation Conference and Exhibition, Society of Petroleum Engineers,
Texas (2011), SPE-148388-MS.

J. Huang and ). Zou, Some new a priori estimates for second-order elliptic and parabolic interface problems, J. Differential
Equations 184 (2002), no. 2, 570-586.

G.Jo and D. Y. Kwak, An IMPES scheme for a two-phase flow in heterogeneous porous media using a structured grid,
Comput. Methods Appl. Mech. Engrg. 317 (2017), 684—-701.

G.Jo and D. Y. Kwak, Geometric multigrid algorithms for elliptic interface problems using structured grids, Numer.
Algorithms 81 (2019), no. 1, 211-235.

D.Y. Kwak and ). Lee, A modified P;-immersed finite element method, /nt. J. Pure Appl. Math. 104 (2015), 471-494.

D.Y. Kwak, K. T. Wee and K. S. Chang, An analysis of a broken P;-nonconforming finite element method for interface
problems, SIAM J. Numer. Anal. 48 (2010), no. 6, 2117-2134.

C. 0. Lee, A nonconforming multigrid method using conforming subspaces, in: Proceedings of the Sixth Copper Mountain
Conference on Multigrid Methods, NASA, Hampton (1993), 317-330.

Z.Li, T. Lin, Y. Lin and R. C. Rogers, An immersed finite element space and its approximation capability, Numer. Methods
Partial Differential Equations 20 (2004), no. 3, 338-367.

Z.Lli, T. Lin and X. Wu, New Cartesian grid methods for interface problems using the finite element formulation, Numer.
Math. 96 (2003), no. 1, 61-98.

S. F. McCormick, Multigrid Methods, Front. Appl. Math. 3, Society for Industrial and Applied Mathematics, Philadelphia,
1987.



DE GRUYTER G. Jo and D.Y. Kwak, Semi-Uniform MG for Elliptic Interface Problems = 17

[25] J. A. Roitberg and Z. Seftel’, A theorem on homeomorphisms for elliptic systems and its applications, Sb. Math. 7 (1969),
439-465.

[26] K. Stiiben, A review of algebraic multigrid, J. Comput. Appl. Math. 1-2 (2001), 281-309.

[27] P.Vanék, M. Brezina and ). Mandel, Convergence of algebraic multigrid based on smoothed aggregation, Numer. Math. 88
(2001), no. 3, 559-579.

[28] ). Xu, The auxiliary space method and optimal multigrid preconditioning techniques for unstructured grids, Computing 56
(1996), 215-235.



	A Semi-Uniform Multigrid Algorithm for Solving Elliptic Interface Problems
	1 Introduction
	2 $P_1$-Conforming Finite Element Method on Semi-Uniform Grids
	2.1 $P_1$-Conforming Methods on the Fitted Grid
	2.2 $P_1$-Conforming Methods on Uniform Grid

	3 Multigrid Algorithm
	3.1 Semi-Uniform Multigrid Algorithm
	3.2 A Multigrid Algorithm $\widehat{B}_k$ on Uniform Grids

	4 Convergence Analysis of Multigrid
	4.1 Approximation Properties of $\widehat{I}_k$
	4.2 Proof of Theorem 4.1

	5 Numerical Results
	6 Conclusion


